This paper extends the prescribed wake vortex lattice method (VLM) to perform aerodynamic analysis of dual-rotor wind turbines (DRWTs). A DRWT turbine consists of a large, primary rotor placed co-axially behind a smaller, secondary rotor. The additional vortex system introduced by the secondary rotor of a DRWT is modeled while taking into account the singularities that can occur when the trailing vortices from the secondary (upstream) rotor interact with the bound vortices of the main (downstream) rotor. Pseudo-steady assumption is invoked and averaging over multiple relative rotor positions is performed to account for the primary and secondary rotors operating at different rotational velocities. The VLM solver is first validated against experiments and blade element momentum theory results for a conventional, single rotor turbine. The solver is then verified for two DRWT designs against results from two CFD methods: (1) Reynolds Averaged Navier-Stokes CFD with an actuator disk representation of the turbine rotors, and (2) Large Eddy Simulations with an actuator line model. Radial distributions of sectional torque force and angle of attack show reasonable agreement between the three methods. Results of parametric sweeps performed using VLM agree qualitatively with RANS CFD results demonstrating that the proposed VLM can be used to guide preliminary design of DRWTs.
Nomenclature A = πr 2 t , area swept by the rotor P aerodynamic power extracted by a turbine T aerodynamic thrust (force) exerted on the turbine along the wind direction Q = 0.5(Ω i j Ω ji − S i j S ji ), where Ω i j and S i j are rotation-and strain rate tensors respectively C P = 2 P/(ρu 3 ∞ A), aerodynamic power coeff. of a turbine C T = 2 T /(ρu 2 ∞ A), aerodynamic thrust coeff. of a turbine Z time average of variable Z Z = Z − Z, temporal fluctuation of variable Z Z spatially filtered value of variable Z Z horizontally averaged value of variable Z a = 1 − u/u ∞ , axial induction factor a w axial induction in the turbine wake c T section thrust force coefficient c d section drag force coefficient c l section lift force coefficient c τ F section torque force coefficient f i force per unit volume exerted by turbine rotor on the flow g 0 gravitational acceleration on Earth k = 0.5 u i u i , turbulent kinetic energy p pressure p * = p/ρ 0 + u i u j /2, modified kinematic pressure q j = u j θ − u j θ, sub-grid or (sub-filter) scale heat flux r t rotor tip radius u i local velocity vector u ∞ freestream wind speed Γ = u i ds i , circulation ∆ =(∆ x ∆ y ∆ z ) 1/3 , cube-root of cell volume ∆ x , ∆ y , ∆ z cell size in each coordinate direction Ω angular velocity of turbine rotor α thermal diffusivity of air in Eq. 5; angle of attack elsewhere δ i j Kronecker delta; δ i j = 1 for i = j; 0 for i = j θ 0 reference potential temperature ε turbulent dissipation θ potential temperature λ = Ω r t /u ∞ , tip speed ratio ν kinematic viscosity of air ρ 0 reference (freestream) air density τ i j = u i u j − u i u j , sub-grid (or sub-filter) scale stress tensor φ angle between blade-relative velocity and plane of rotor rotation Subscripts ( ) ,eq a qty. defined for DRWT in a manner equivalent to SRWT ( ) s or ( ) ,s related to the secondary rotor of a DRWT ( ) m or ( ) ,m related to the main rotor of a DRWT 1 Introduction circulation around a blade section. Using these theorems, an iterative procedure can be obtained to 1 compute spanwise distribution of circulation (or blade-bound vorticity) on turbine rotor blades (see e.g., Refs. [9, 10] ).
3
Based on the treatment of trailing vorticity, the vortex lattice method can be classified as either free 4 wake or prescribed (fixed) wake [11] . In the free-wake approach, mutual induction between trailing 5 vortex elements is permitted and hence the wake evolves with time; the wake structure can deform 6 substantially over time. In the prescribed-wake approach, mutual induction is ignored and the prescribed 7 trailing vortex structure stays intact. Subtle changes to the wake structure that do not change the wake 8 helix topology, such as the helix pitch, Trefftz plane location, etc. are permitted in the prescribed-9 wake approach until convergence is reached. These changes are specified as functions of some overall 10 integrated quantity such as rotor thrust or power coefficient.
11
While the free-wake approach is of higher fidelity, it is computationally expensive [11] and can suffer 12 from robustness issues. The prescribed-wake approach, on the other hand, is relatively quick and robust, 13 but can be inaccurate if the fixed wake structure is poorly specified. We choose the prescribed-wake 14 approach here as the objective is to explore a large design space during preliminary design of DRWTs.
15
For our purpose, efficiency and robustness are more important than fidelity as long as the methodology 16 predicts correct design trends. The particular implementation presented in Refs. [10, 12, 13 ] is adopted 17 in our prescribed-wake vortex lattice method solver with two major changes that are described below.
18
Chattot [13] assumes 'wake equilibrium' to relate computed turbine power coefficient, C P with that
19
given by the 1-D momentum theory to obtain axial induction factor, a using the relation C P = 4a(1−a) 2 .
20
This axial induction factor is then used to update the pitch of the trailing vortex helix in an iterative 21 procedure until convergence is achieved. The problem with this approach is that axial induction is a 22 multi-valued function of C P (see Fig. 2 ). Typically, the solution corresponding to smaller axial induction 23 factor is selected to set the helix pitch. While this strategy works for low-loading conditions, it is evident formula for C T is chosen (i.e., C T = 4a(1 − a)), then the non-uniqueness problem still persists (see 27 Fig. 2 ) although the range of application is increased to 0 < a < 0.5. We get around this non-uniqueness 28 problem by using the empirical formula for C T by Buhl [14] which incorporates corrections for high 29 disk (rotor) loading. The formula (Eq. 1, with F = 0.9) provides a one-to-one mapping between a and 30 C T as can be seen in Fig. 2 .
The second major change from Chattot's implementation [13] is in prescribing turbine wake struc-32 ture. The wake behind a turbine expands and its convection velocity reduces from the rotor plane to the
33
Trefftz plane. In previous works [10, 12, 13] , the Trefftz plane was assumed to be located at the axial 34 location where the wake completes three rotor revolutions, making it dependent on the tip speed ratio.
35
The local axial induction, a w (x) was assumed to vary linearly with downstream distance between the 36 rotor plane and the Trefftz plane. We conducted a number of CFD runs varying rotor tip speed ratio
37
(to vary rotor thrust) to understand the wake structure behind a wind turbine. The CFD methodology Power coeff., Functions to obtain axial induction factor, a from C P and C T given by 1-D momentum theory, and from C T given by Eq. 1.
is obtained with the correlation -
where r t is the rotor tip radius and a w (x) is the area-averaged axial induction in the rotor wake at a dis- likely due to diffusion of the wake with the freestream, which is physical. Numerical dissipation in CFD can also be the cause; the authors have performed a grid independence study [15] to rule out the grid 1 resolution issue. We use Eq. 2 to prescribe the wake structure in our VLM implementation as opposed 2 to the linear variation used in earlier works. Also, the wake expands radially as it convects downstream.
3
The radial expansion is determined using mass conservation as r(x) = r(0)
The following section summarizes the prescribed-wake VLM algorithm for conventional, single-rotor 5 turbines with the proposed changes. gives the distribution of axial induction a w (x), which along with the rotor tip speed ratio defines the 10 initial wake helix structure. Induction coefficients for each point in the wake helix at each point on the 11 blade are computed and stored. Since these coefficients only depend on the geometry, they stay constant 12 as long as the wake helix shape remains the same.
13
An initial approximation of the blade bound circulation, Γ is computed using the Kutta-Jukowski are performed with a fixed wake helix until it converges to within a specified tolerance. A new value
22
of a is computed with the relation given in Eq. 1 using the last-computed value of C T . The pitch of the 23 wake helix is adjusted using Eq. 2 and the entire process is repeated until C P converges. Ref. [16] ). In the report [16] , this turbine is referred to as Risø turbine. The turbine rotor diameter the turbine, such as the airfoils used along the span, and the lift and drag polars are available in Ref. [16] . in 3D blades and allows them to operate at higher angles of attack than a corresponding 2-D airfoil.
38
This 3D flow effect cannot be captured by strip-theory based methods such as the VLM and BEM.
39
Therefore, the predictions fall short of the experimentally-measured turbine power in the region marked thickness also come into play.
13
To account for the mutual induction between the bound and trailing vortices of the two rotors of a 14 DRWT, the associated vortex lattices need to be established. Figure 7 shows the vortex lattice structure area-weighted C T,eq is used in place of C T in Eqs. 1 and 2, where
and subscripts 'm' and 's' refer to the main rotor and the secondary rotor respectively; 'A' is area of 2 rotor disk. Similarly, aerodynamic power coefficient of a DRWT is defined as C P,eq = C P,m + A s /A m C P,s , 1 which is the ratio of power extracted by the turbine to the power in the air stream flowing through the 2 turbine rotors. Once the vorticity structure is set, the computation of induction coefficients using the in the problem; both rotors are three bladed. The maximum variation is observed to be less than 0.5%.
17
For production runs, averaging is performed over five clock positions.
18
Potential effects due to blade thickness decay exponentially away from the blade surfaces. To illus- 
RANS/AD Method

14
The RANS/AD method [1, 17] solves the incompressible RANS equations (Eq. 4) with the rotor blades modeled as body forces (actuator disk). The governing equations are ∂ū i ∂x i = 0, and,
In the above, the overbar denotes time averaging. The Reynolds stress tensor, u i u j is modeled using is used for rotor parameterization. Spatial filtering introduces unresolved, sub-grid scale (SGS) stresses,
35
which have to be modeled. The width of the spatial filter is taken to be the grid-filter width given by
Denoting spatially-filtered quantities by (˜), the governing fluid flow equations are
where, p * = p/ρ 0 + u j u j /2 is the modified kinematic pressure, τ i j = u i u j − u i u j , is sub-grid scale (SGS) 3 stress tensor, and q j = u j θ − u j θ is SGS heat flux. θ is potential temperature, α is thermal diffusivity of 4 the fluid, and f i is a momentum source term that models the force exerted by turbine rotor blades. The
5
DRWT is modeled in SOWFA by simulating the two rotors of the DRWT as two separate single-rotor 6 turbines placed in tandem without the towers. The use of SOWFA to model DRWTs is described in 7
Ref.
[2]. Figure 11 shows a sample results from a DRWT simulation using SOWFA. The proposed vortex lattice method is used to perform parametric sweeps for a DRWT design. One 5 such study using the RANS/AD method was presented in Ref. [1] where the secondary rotor diameter, tip speed ratio, and rotor-rotor separation were varied. In this paper, we focus on varying only two 7 parameters: rotor-rotor separation and secondary rotor tip speed ratio. Parametric sweeps, varying the secondary rotor radius and tip speed ratio are carried out using 7 the proposed VLM and compared with RANS/AD predictions. Both solvers provide similar design 8 guidance (pointing to similar optimal configuration), proving that the proposed prescribed-wake vortex lattice method can be used as an alternative, inexpensive method to perform preliminary design of R., and Simms, D., 1997. Final report of iea annex xiv: Field rotor aerodynamics. Tech. Rep. 
